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Experiments are described in which a grid is towed horizontally along a large tank 
filled first with water and then with a stably stratified saline solution. The decay rates 
of the r.m.s. turbulent velocity components (w’, v’) perpendicular to the mean motion 
are measured by a ‘Taylor’ diffusion probe and are found to be unaffected by the 
stable stratification over distances measured from 5 to 47 mesh lengths ( M )  
downstream, and over a range of Froude number U / N M  of 00 and 8.5 to 0.5, U being 
the velocity and N the buoyancy frequency. The Reynolds number Mw’lv of the 
turbulence was about lo3, where v is the kinematic viscosity. The vertical velocity 
fluctuations produced near the grid were reduced by the stratification by up to 30 % 
when U / M N  w 0.5. Large-scale internal wave motion was not evident from the 
observations within about 50 mesh lengths of the grid. 

The turbulent diffusion from a point source located 4.7 mesh lengths downstream 
was studied. cry, crz, the horizontal and vertical plume widths, were measured by a 
rake of probes. cry was found to be largely unaffected by the stratification and grew 
like d, while crz was found in all cases to reach an asymptotic limit crzm where 
0.5 < crzm N/wL < 2 ,  w; being the r.m.s. velocity fluctuations a t  the source; the time 
taken for crz to reach its maximum was about 2N-’. These results are largely in 
agreement with the theoretical models of Csanady (1964) and Pearson, Puttock & 
Hunt (1983). 

1. Introduction 
1 . 1 .  Experimental objectives and implications 

The laboratory experiments reported here were designed to answer two questions 
about the effects of stable stratification on the rate of homogeneous decay of 
turbulence and on turbulent diffusion from a point source in the decaying turbulence. 
t Also Department of Engineering. 
$ On assignment from the National Oceanic and Atmospheric Administration, United States 

2 FLM 127 

Department of Commerce. 



28 R. E .  Britter, J .  C. R. H u n t ,  G. L. Marsh  and W .  H .  Snyder 

................................. 
I 

Plume 

27TW' sin-* 

I Grid L X  

FIGURE 1. Schematic diagram of experiment. 

(i) How does the stratification affect the turbulence produced near a grid and 
beyond what distance downstream of a grid is the decay of turbulence appreciably 
affected by the stratification ? 

(ii) Does the stratification not merely reduce but change qualitatively the vertical 
diffusion of marked particles (e.g. a stream of dye)? Different theories and inter- 
pretations disagree as to whether the depth of such plumes must always continue to 
grow parabolically, albeit at a reduced rate, or whether they must effectively cease 
growing even while the velocity fluctuations persist. 

In $1.2 we discuss the physical processes of decay and diffusion to explain the 
significance of these questions and the value of the experiments. Although the 
processes of decay and diffusion are rather subtle, the advantages of better under- 
standing of stratified turbulent flows are clear, especially to help predict the dispersion 
of pollutants in the atmosphere and in coastal or river waters. Our experiments were 
restricted to decaying turbulence. However, it is interesting to note that there are 
a number of environmental flows where the turbulence is also decaying in stable 
density gradients, for example in the wakes of towed object (Pa0 1971), in the stable 
atmosphere in the lee of buildings or hills, on the continental shelf (Armi 1978), and 
in the atmospheric or oceanic surface layers where stable stratification is suddenly 
imposed. 

1.2. Some theoretical ideas about decay and d iaus ion  in stable density gradients 

1.2.1. Decay. Consider a grid (see figure 1 )  with a mesh size M placed in a uniform 
stable stratification ap /az  of a buoyancy frequency 

where the flow through the grid has a velocity U. If the Froude number UINM is 
much greater than unity, the inertial forces are much greater than the gravitational 
forces near the grid. But sufficiently far downstream (or sufficiently long after the grid 
has passed), the r.m.s. vertical turbulent velocity w' decays to a value such that the 
local Froude number w'/NLZr based on w f  and an integral scale L, of turbulence for 
w, becomes much less than unity and the buoyancy forces dominate. 
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There are three main ways in which these buoyancy forces can affect the rate of 
decay of turbulent kinetic energy, defined over a volume V as T,, where 

(i) A vertical density flux wp, caused by the turbulence tending to mix elements 
of fluids of high and low density, also increases the potential energy of fluid elements 
a t  a rate B, = s g G d V .  In  stationary stratified turbulence this density flux is 
produced by molecular mixing between the fluid elements and B, > 0 when 
d p / d z  < 0. But in decaying turbulence the initial potential energy associated with the 
vertical displacements 2 of the fluid elements from their equilibrium position decays 
as the turbulence decays. This induces a net negative density flux. In  the absence 
of molecular mixing 

B, = s g $ ( - g ) d V ,  

so B,  < 0 when d F / d t  < 0 and d p / d z  < 0 (see Pearson, Puttock & Hunt 1983, $4). 
(ii) If the volume V has a surface S ,  the kinetic energy within S can decrease owing 

to the propagation of internal waves out of S and due to the work done on the fluid 

outside S.  Both effects are represented by Pv = 

(iii) The dissipation of turbulent kinetic energy per unit volume pe can be affected 
by the stratification, because of its effects on velocity gradients in the turbulence. 

V d S .  I, 
Thus - 

To what extent do each of these terms affect T, in a grid-turbulence experiment? 
( a )  BuoyancyJux. When a grid is towed through a stably stratified fluid, the wakes 

of the bars (scale b) produce velocity fluctuations with kinetic energy and fluctuating 
vertical displacements with potential energy ( -  pWb2 per unit volume). However 
the vertical displacements are greater for a horizontal grid moved vertically than for 
a vertical grid moved horizontally (Linden 1980, figure 1 c) .  

In  the horizontally towed grid experiments described here we have concentrated 
on cases where 5 s U / N M  5 0.5 and examined the flow over a range of values of 
the distance x downstream of the grid such that 0 5  > w’/NL, >0*02 (taking 
L, x 4M). Even over this range of stratification we estimate that the direct effect 
of T, produced by the buoyancy flux B, is small, based on the observations of the 
rate of decay of and on the measurement of the net density flux produced by 
molecular mixing over the period from the grid’s passage to the final decay (Britter 
& Marsh 1982). 

(b)  Internal-wave energy transfer. In  grid-turbulence experiments in unstratified 
fluid the streamwise transfer of energy, i.e. d(@/p+uq2)/ax is small compared with 
the decay of the turbulence, i.e. (F)i /Lx,  and is usually neglected. 

In  stably stratified flows, internal gravity waves with frequency w propagate from 
a source a t  an angle to the horizontal of 8 = & sin-l ( W I N ) .  There are no waves when 
w > N .  Thus for a turbulent flow with characteristic frequency w - Bnw‘lL,, we 
expect the energy propagation to be greatest in the directions 8 - f sin-l (2nw’/Lx N ) .  
The experiments of McLaren et al. (1973) showed how a local source of turbulence 
(a rising blob of buoyant fluid in their case) propagates energy away on a timescale 
of N-l. Their experiments also showed that the amplitude of vertical motions near 
a local source of decaying turbulence is greatest in the vertical direction and decreases 
as 8 decreases. 

2-2 
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I n  order for there to be a significant net energy transfer by wave motion in the 
streamwise direction the gradient of wave energy V ( F )  and the group velocity C,_must 
be large enough so that their product is comparable with the dissipation rate - dq2/dt. 
The ratio of these two terms may be estimated as - C ,  . U / U z  ? NLX/2nU.  For most 
grid-turbulence experiments this estimate shows that Pv is negligible. 

However, over a limited period, when Bnw’lNL, - 1 and wave energy grows 
rapidly, gradients of wave energy and therefore Pv may be larger than given by the 
above estimate. 

In  addition to waves generated by the turbulence, internal waves must be 
generated by the grids themselves, and these may excite the natural internal wave 
modes of the tank. I n  a vertical tank, Dickey & Mellor (1980) showed that a grid 
can excite a mode with frequency N ;  then velocity measurements have to  be 
separated into their internal mode and turbulence components. I n  a long horizontal 
tank, the natural modes are of very low frequency and are negligible in strength 
compared with the turbulence. 

( c )  Viscous dissipation. This discussion of the wave motion is necessary to justify 
the assumption that, provided w’/L,N 2 0.15, for a horizontally towed grid the 
turbulent decay is primarily due to local viscous processes, i.e. - Tv x pcd V .  How 
does the stratification affect E ?  The largest scales of motion (on a scale - w‘/N),  are 
affected even by weak stratification (Dougherty 1961). But on the basis of 
measurements in the atmospheric boundary layer (e.g. Kaimal 1973), even when 
w‘/NL, - 1, the energy cascade processes in the inertial and dissipative sub-ranges 
of the equilibrium spectra have the same form as in neutrally stratified turbulence. 
Consequently, by the usual dimensional arguments E should be proportional to 
W’~/L,,  where the proportionality factor may be a weak function of w’/NL,. 

I n  fact, Kaimal’s (1973) data show that, in the stable atmosphere boundary layer, 
cLZ/wr3 was insensitive to  stratification (although L,, the scale of the vertical 
component, was itself changed quite markedly a t  a given distance above the surface). 
Similarly, in the grid experiment of Dickey & Mellor (1980), EL,/w’~ was unaffected 
for 250 mesh timescales ( M / U )  after the passage of the grid. Thereafter, strong 
internal waves dominated the velocity field and &/wf3  suddenly decreased to nearly 
zero. 

There are some instructive comparisons to be made between the effects of 
stratification and the effects of rotation on the decay of turbulence. Ibbetson & 
Tritton (1975) found experimentally that the decay rate was increased by rotation 
(with initial turbulence Rossby numbers ranging from 28 to 0.3). They reasoned that 
this was caused by the absorption of inertial wave energy a t  the boundaries. So one 
should note that, wherever waves are produced by turbulence, the transmission of 
energy between regions of different kinetic energy and the reflection, and absorption 
at boundaries have to be carefully considered in any theoretical or experimental 
investigation of decaying turbulence. 

1.2.2. Diffusion. The vertical diffusion of pollutants in turbulence with stable 
stratification is a subject of controversy. There are apparently two main schools of 
thought about what happens as the stratification increases. One is that, far from the 
source, growth of the plume’s width a, is always effectively described by a diffusivity 
K,, so that 

where K,  is a decreasing function of, say, w‘/L,N. I n  some models i t  is suggested that, 
when w’/L,N 4 1 ,  K,  should be scaled on N and the viscous dissipation E ,  so that 
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K,  - C N - ~  (Weinstock 1978). The essential basis of such models is Taylor’s (1921) 
analysis of the random motion of a marked particle, which leads to  K, = wlZTLw), 
and the assumption that there must be a small but finite Lagrangian integral 
timescale of the vertical motion TLw). 

However, Csanady (1964) and recently Pearson et al. (1983) have suggested that 
in stable conditions, where w’/L,N - 1 ,  fluid elements cannot move through large 
vertical distances ( 2 w‘/N) without changing their density, because these elements 
only have kinetic energy of the order of 8 / 5 ( ~ ’ ) ~ .  Consequently most elements in a 
plume of marked particles remain within a vertical distance of the order of w’/N of 
their origin until very slowly (on a timescale long compared with the turbulence decay 
time) they change their density. For this reason a small density flux can co-exist with 
a marked limitation of the growth of plumes. Some details of the theory have been 
published already by Pearson & Britter (1980). 

Evidently these two theoretical concepts lead to different predictions for plume 
behaviour, which we examine in these experiments. 

2. Apparatus, instrumentation and experimental procedure 
The experiments were conducted in a towing tank 1-2 m deep, 2.4 m wide, and 25 m 

long. The tank has an aluminium framework, and the sides and bottom are 
constructed with acrylic plastic for viewing purposes. Rails located on top of the 
sidewalls provide a support and track for the towing carriage. Models are attached 
to the carriage and can be towed the length ofthe tank a t  speeds in the range 5-50 cm/s. 

A salt-water filling system (see Hunt & Snyder 1980) enables various stable density 
profiles to be established in the tank. The density profiles are determined by drawing 
water samples from various depths and measuring the specific gravity of the samples 
with a Mettler (PL200) electronic balance. The specific gravity is measured by placing 
a weight, suspended from the electronic balance, into each water sample. Initially 
the weight is placed in a sample of fresh water and the output of the electronic balance 
is recorded. The specific gravity of each sample is then deduced from the ratio of the 
output for the sample and the output for fresh water. The absolute error in specific 
gravity was estimated to be less than 0.0001. 

A square-mesh biplanar grid was constructed from rectangular aluminium bars 
1.9 cm wide and 1.3 cm thick with a mesh length M = 8-56 cm. I t s  solidity was thus 
40 yo. The grid was rigidly attached to the towing carriage and towed the length of 
the tank. A neutrally buoyant dye mixture was emitted through a tube downstream 
of the grid. 

The source tube for the dye released was located a t  the centre of the grid in the 
lateral direction and approximately 55 cm below the water surface (depending on 
slight variations in the level of the water surface). The source was directly behind 
a lateral bar and midway between two vertical bars. The outside and inside diameters 
of the source tube were 0.64 cm and 0.56 cm respectively, and the tube extended 
downstream from the rear of the grid 40 cm or 4.71 mesh lengths. The source size 
was small enough (< &M) to  expect that  the mean plume widths would be the same 
as that defined by the motion of single fluid elements for distances from the source 
greater than M .  The effluent flow rate was adjusted to maintain an isokinetic release 
based on the outside diameter of the source tube. Blue food dye (Warner-Jenkinson 
no, 393) was used as the material for flow visualization as well as the quantitative 
concentration measurements. The dye was diluted by mixing it with water drawn 
a t  the level of the source tube in the towing tank. Additional small amounts of 
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saturated salt water or alcohol were added to obtain a neutrally buoyant effluent. 
The source mixture was pumped through the tube using a positive displacement pump 
from a large graduated cylinder. A damper downstream of the pump, in addition to 
flexible tubing, minimized pulsations in the flow from the tube. The flow rates were 
preset and also double-checked during each test by measuring initial and final 
volumes in a graduated cylinder as well as the elapsed time during pumping. 

The concentration measurements were obtained by drawing water samples through 
ports in a rake positioned downstream of the source tube exit. The rake was in the 
shape of a cross with arms extending in horizontal and vertical directions. The spacing 
between ports in the lateral direction was 2 cm, while that  in the vertical direction 
was 0.5 cm for ports located from the centre of the rake to 9 cm above and below 
the centre. For ports located further than 9 cm from the centre, the port spacing was 
increased to 1 cm. 

The ports in the sampling rake were constructed from 024 cm outside diameter 
brass tubing and were connected to a series of boxes by Tygon tubing. During each 
experiment the grid was towed approximately 11 m while a sample was being drawn 
through the ports and into corresponding test tubes. Over the towing distance, 
approximately 50 cc of sample were drawn into each test tube. The dye concentrations 
contained in these samples were measured with a Brinkman (model PC-600) Probe 
Colorimeter. It was initially calibrated with a set of 11 dye standards prepared by 
mixing dye with water drawn from the towing tank at the level of the source tube. 
These samples ranged in concentration from 0.5 to 0.0001 % in logarithmic steps. The 
voltage output of the colorimeter was digitized and then averaged on a PDP 11/40 
minicomputer. A numerical scheme was used to calculate the ' best-fit ' curve to the 
set of dye-concentration samples. This equation was then used to obtain the 
concentrations of unknown samples. The wavelength used on the colorimeter was 
570 nm. 

A density profile was obtained each day before running an experiment. Passage 
of the grid through the tank would leave the central portion of the density profile 
linear but result in a nearly neutral stratification at the top and bottom of the tank. 
Experiments were only conducted when a central region of a t  least 60 cm in vertical 
extent had the required linear density profile. For the linear density profiles the 
buoyancy frequency was N = 0,043,096 and 1.33 rad/s for the neutral and the three 
stable density stratifications. Although in a linear density profile the buoyancy 
frequency is not exactly constant, this was an adequate approximation over the 
central portion of the tank in which diffusion was being studied. 

Three tow speeds, U = 6, 12 and 30 cm/s, were used, and the plume characteristics 
measured a t  x1 = 30, 100, 200, 300 and 415 cm downstream of the source exit. The 
coordinate x1 is measured downstream from the source, while the coordinate x is taken 
from the grid. 

For each measured concentration distribution, the centroid (y or z ) ,  the standard 
deviation (ay or uz) about the centroid and the non-dimensional third and fourth 
moments were calculated. A least-squares-fit Gaussian curve with the same standard 
deviation as the measured distribution was also computed. 

In  order to check on the accuracy of the concentration measurements, the volume 
flux of dye across the plane where the profiles were taken was compared with the 
effluent flow rate. Assuming the concentration profiles to be Gaussian, the term 
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should be unity. Cmaxg is the maximum concentration in either the vertical or lateral 
Gaussian profile. I n  practice, the quantity G deviates from unity because of the 
inaccuracies of obtaining exact values of the effluent rate, the towing speed, uy and 
rz, and the maximum non-dimensional Gaussian concentration. Of course, if the 
profile shape is not Gaussian, G also differs from unity. However, the profile shapes 
were nearly Gaussian for all experiments except those when N = 1.33 rad/s, 
U = 6 cm/s, in which fourth moments much larger than 3 were measured. 

It was initially intended to  accept only data for which 0.75 < G < 1.25, and this 
criterion led to the rejection of only a small amount of data for N = 0, 0.43 and 
096 rad/s. For the strongest stable density stratification ( N  = 1-33 rad/s), the same 
criterion required that about half the data be discarded. By extending the criterion 
for N = 1-33 rad/s to  0.75 < G < 1.75, most of the data was acceptable. By way of 
explanation, i t  should be noted that the data with N = 1.33 rad/s were the first data 
taken with a stable density stratification. Subsequent data were taken with an 
improved technique for bleaching the dye from the tank after each run and a more 
frequently repeated calibration of the colorimeter. Inspection of the discarded data 
suggested that the standard deviations rg and a, were being correctly measured, but 
the magnitude of the grouping Cmaxg U / Q  was in error. 

The concentration profiles were edited by deleting any profiles in which the 
maximum to minimum concentration ratio on either side of the maximum concen- 
tration was less than 5. Using this criterion, more than 95 % of the area under the dye 
concentration profiles was assured. Also, only profiles in which Ig (or z)l< 0*32ay (or 
rz) were accepted. This ensured that there was no more than a 5% error in the 
estimated maximum concentration as a result of misalignment between the plume 
axis and the sampling rake. 

Limited measurements of the velocity fluctuations (not necessarily turbulent 
velocity fluctuations) were also made downstream of the grid. Some preliminary 
measurements were made in a homogeneous fluid with a TSI endflow X-film probe 
(type 124 NACL) driven by a TSI 1053B anemometer. The signals were linearized 
before being recorded on magnetic tape for subsequent analysis. The probe was 
calibrated in the towing tank upstream of the grid. Data were digitized at 200 Hz 
for a period of 20 s. Unfortunately, carriage vibration and probe contamination 
resulted in low repeatability and poor accuracy. But three experimental runs, two 
a t  tow speeds of 30 cm/s and one at 6 cm/s, are presented in $3. Considerable difficulty 
was experienced in operating the hot-film probes in the stratified fluid and the 
technique was abandoned until further time was available for investigation of this 
problem. 

An alternative technique for measuring velocity fluctuations was devised by 
utilizing the statistical theory of diffusion from a continuous source (Taylor 1921). 
For short diffusion times, i.e. much less than the Lagrangian integral timescale TL, 
the standard deviation of the lateral or vertical plume spread (ay or r,) is linearly 
related to the corresponding standard deviations of the velocity fluctuations (v’ or 
w’). Thus ay = v‘t = v’(s/U) and (T, = w’t = w’(s/U) for t = s /U  4 TL, where s 
is the longitudinal distance from the source. The Lagrangian integral scale in the 
non-stratified grid turbulence may be estimated from diffusion results in $3 as 
TL = 00128UM/(~’ )~ .  At the measurement positions closest to the grid ( x / M  = 4.71) 
t/TL = ~/[00128M(w’/U)-~] was about unity, giving an error of 10% (Pasquill 1974, 
p. 132). At all other points t/TL was less than 0.3 with errors of less than 3%.  

When the fluid is stratified, no estimates exist for the Lagrangian integral 
timescale, although we intend to  show later that  i t  becomes very small. The 
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requirement for the probe is that over the time t the autocorrelation of the particle 
velocity be near unity. I n  a stratified turbulent flow this timescale is N-l ,  so the 
requirement is that  t < 1/N or s < U / N .  This condition was met in all the 
experiments. 

A miniature source-and-rake arrangement, which we refer to as a ‘Taylor’ probe, 
was constructed with a source tube of 0.16 cm outside and 0.08 cm inside diameter. 
The sampling rake was of similar tubing with spacing between the port centres of 
0.25 em. The sampling ports extended 2.5 cm in all four directions from the centre 
port. Normally the sampling rake was positioned 10 cm downstream of the source-tube 
exit. For measurements obtained with the source-tube exit located 40 ern downstream 
of the grid, the sampling rake was positioned 6 cm downstream of the source-tube 
exit. When the source-tube exit was located 400 ern downstream of the grid, the 
separation distance was either 10 or 20 cm. Only slight differences in the plume 
statistics were seen using these two separation distances. These distances ensured that 
s < UT, or 2nUIN and that an adequate spread in the plume existed a t  the sampling 
rake, enabling accurate measurements to be made of the plume statistics and implied 
velocity fluctuations. This technique was compared with the hot-film data for the 
homogeneous fluids and gave consistent results. Although we were unable to 
experimentally validate this technique in the density-stratified fluid, there is sound 
theoretical Justification (Pearson et al. 1983). 

3. Experimental results 
The experimental results are presented in three parts: a qualitative description of 

the experimental observations (53.1) ; a quantitative description of the plume 
development ($3.2) ; and velocity measurements taken to elucidate the turbulent 
structure, and hence the plume behaviour ($3.3). 

3.1. Visual observations 
Acceleration of the grid up to the required velocity produced a very small and 
decaying surface wave pattern. Apart from this initial disturbance the free surface 
remained flat for the duration of each experiment except for a slight draw-down and 
subsequent rise in the immediate lee of the grid. No motion was observed upstream 
of the grid over the range of variables studied; a not-surprising result given that the 
minimum value of the relevant non-dimensional parameter U / N b  was 2-37, where 
b is the bar width. This is considerably larger than in, the maximum value required 
for upstream influence (see Turner 1973). No large-scale internal wave motions were 
obvious for x / M  < 50, however a t  x / M  % 50 internal waves were observed with little 
turbulence and these were maintained to a considerable distance (or time). 

When U / N M  was small a set of two-dimensional jets was formed throughout the 
depth of the tank well after the passage of the grid. Dye introduced as a vertical line 
indicated that the jet axes were horizontal and that the velocity profile was 
approximately symmetric. The jet spacing corresponded to the bar spacing of the 
grid. Jets behind the horizontal grid bars were in the same direction as the grid 
motion, while the flow was in the opposite direction in the space between the bars. 
The jets were more distinct closer to the grid as UIMN decreased, but were never 
discernible until a t  least x M 2 m. Our observations were similar to those of Prenzen 
(1963). However, Frenzen incorrectly attributed the two-dimensional jets to the 
blocking effect referred to  earlier, but which is not relevant either to Frenzen’s or 
the present results. Well after the passage of the grid, the jet structure died away 
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leaving a very weak density perturbation on the initially linear profile. The density 
perturbation was observed with a shadowgraph and appeared as a series of parallel 
horizontal bands spaced a t  the mesh size (coincident with the maximum shear in the 
velocity profile). Attempts to  measure this density perturbation with the electronic 
balance were unsuccessful ; the perturbations being too small even at the minimum 
value of U / N M  and the maximum N .  When UINM 2 1 the banded structure was 
not observed. 

3.2. Plume growth 
In  the neutrally stratified grid turbulence both cry and (T, increased steadily with 
distance downstream from the source. It was interesting to note, though also 
expected, that  the large-scale structure of the plumes, reflected in cry and (T,, was 
independent of the Reynolds number while our visual observations showed that the 
fine-scale structure was dependent on the mesh Reynolds number. The lateral growth 
of the plume in the stable density stratification is not dissimilar to that in the 
homogeneous fluid; all scales of the flow being little affected. But the growth of (T, 

is markedly attenuated by the stable density stratification. The vertical spread of 
the plume initially increases but then remains approximately constant. Dimensional 
analysis suggests that  the development of the plume width should be expressed as 

where a = y or 2 for a particular geometry. It is unlikely that molecular effects, 
viscosity or diffusivity, are relevant provided that the Reynolds and PBclet numbers 
are large. 

If only one source position relative to  the grid is considered then 

U 
M 

where UINM has the form of a Proude number. The grouping UINM is the single 
non-dimensional parameter describing the influence of the density stratification on 
the plume growth, 

When there is no density stratification N + 0 and U / N M  -P 00. The data for this 
case are shown in figure 2. The results for U = 6 ,  12 and 30 cm/s are similar, 
confirming the correctness of our omission of a Reynolds number from (4) .  There is 
also no significant difference between ( T ~  and (T,. For large x,/M (actually t 9 TL) the 
data approximate to  the curve 

This is consistent with a constant diffusion coefficient of K = 0.0128UM where 
a2 = 2KxJU.  Alternatively K = (v r2 ,  w ’ ~ )  TL = const, for a non-decaying turbulence. 
It has been argued by Batchelor (1952) and others that, for decaying grid turbulence, 
d2 cc (x-x0)-l and TL cc x -  xo over a considerable range of (x -x , ) /M,  where xo/M 
is a virtual origin. Thus, even in decaying grid turbulence the diffusion constant K 
may be expected to be constant. Thus TL = 0-0128UM/(~‘~ ,  w ‘ ~ )  for the present 
experiments. Note that this gives estimates of UTL M 6.5 cm at x l /M = 0, 
x / M  = 4.71 and of  UTL M 17.0 cm at x l / M  = 3.53, x / M  = 8.24. Also included in 
figure 2 is the anticipated result from the statistical diffusion theory of Taylor (1921) 
using the average of the standard deviation of velocity fluctuations measured a t  
x l / M  = 0 and 3-53. 



FIGURE 2 .  The lateral and vertical plume widths in a homogeneous fluid as a function of distance 
downstream from the source. Horizontal: A, U = 6 cm/s; 0, 12 cm/s; 0 ,  30 cm/s. Vertical: 0,  
U = 6 cm/s; + , 12 cm/s; x , 30 cm/s. The solid line is equation (6) while the dashed line is the 
result anticipated at small x,/UT, from Taylor (1921). The dye source is at x / M  = 471. 

The experimental results of plume development when U / N M  is finite (figures 
3a, b )  show that the horizontal plume width cry is not measurably influenced by the 
density stratification for U / N M  2 1.0. At values of the Froude number UINM less 
than 1.0 there is a 30 yo reduction in the horizontal plume width a t  large x J M  ( 20). 
The growth of the plume in the vertical (figure 3 b )  is attenuated by even the smallest 
density stratification ( U / N M  5 8*2), the attenuation being systematically greater 
with decreasing UINM.  The best-fit expression (6) for the non-stratified experiments 
has been included in figures 3(a, b )  for comparison. The growth of each plume’s 
vertical width is characterized by an increase to  a maximum and then either a slight 
decrease to a constant plume width or no decrease and a maintained maximum plume 
width. It is apparent that the maximum vertical plume width uz is a function of the 
stratification parameter U / N M .  I n  figure 4, uzm, non-dimensionalized as crzm N / U  
is plotted against UINM.  The data show a systematic decrease as the Froude number 
increases. A more physically relevant non-dimensionalization might replace the mean 
velocity with some characteristic turbulent velocity. We choose, somewhat 
arbitrarily, the root mean square of the velocity fluctuations, wks, a t  the source 
position in a homogeneous fluid. The right-hand ordinate of figure 4 is then uzw N/wk,. 
This parameter is of order unity, varying over the range 1.Fi-o.5 as UINM increases 
from 0.5 to 10. 

3.3. Velocity measurements 

The standard deviation of the velocity fluctuations behind the grid was measured 
for the cases N = 0 and 1.33 rad/s a t  U = 12 cm/s, that  is UIMN = co and 1.06. The 
standard deviations normalized with the mean velocity (towing speed) are presented 
in figures 5 (a,  b)  as functions of the non-dimensional distance from the grid z / M .  The 
scatter in the more extensive results for the vertical velocity fluctuations is 
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FIQURE 3. The lateral (a) and vertical (b )  plume widths as functions of distance downstream from 
the source for various Froude numbers U I N M :  0,  U / N M  = 8.21 ; x , 3.68; 0,  3.28; x, 2.65; A, 
1.64; 0, 1.47; w., 1.06; +, 0735; *, 0531. The solid and dashed lines are from equation (6) and 
correspond to U / N M  -P 00. The vertical arrows ( 1 ) denote the value of x / M  at which Nt = 2 for 
each value of UINM.  
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FIGURE 4. The maximum vertical plume width uzm, non-dimensionalized with (a)  U / N  and 
(b )  w&/N as a function of the Froude number U I N M .  

U/NM 

considerable for the small intensities measured a t  x / M  > 20, and this also casts doubt 
on the accuracy of the lateral velocity fluctuations for x / M  > 20. Curves of the form 

have been fitted to  the data taken with no density stratification with 
( A ,  B )  = (0.184,2) for the lateral velocity fluctuations and (0.203,2) for the vertical 
velocity fluctuations. The small difference in velocity fluctuations in the lateral and 
vertical is unexplained. 

Over the range 5 5 x / M  5 50, 10 5 N x / U  S 100 and w' /NM 2 0025 the form of 
the decay of v'/U and w' /U with x is unchanged by stable stratification from that 
given in (7). The values of v ' /U and w'/U and the two values of the parameter A 
in (7)  were reduced to  not less than about 0.9 and 0-7 respectively of their neutral 
values. Obviously these reductions must be functions of the stratification since they 
are unity when U / M N - ,  co. We find, by plotting v'/U and w f / U  at x / M  = 4.71 
against U I N M ,  in figure 6 that  w f / U  K (U/NM)a for 0.5 < U / N M  < 5 and a 
weaker dependence for v'/U. This result has been determined for only one value of N ,  
though dimensional arguments require only the two dimensionless parameters 
(w' /U,  U I N M ) .  

Measurements of the mean velocity with a propeller anemometer and with the 
hot-film anemometer indicated that for N = 0 the maximum variation in mean 
velocity behind the grid was less than 1 5 %  for x / M  3 471. Use of the propeller 
anemometer at N = 1.33 rad/s and U = 12 cm/s indicated no greater non-uniformity 
of the mean velocity a t  x / M  = 4.71 and 23.6 than for N = 0. However, a t  x / M  = 47.1 
the variation of mean velocity was _+ 7 %. 

Limited checks were made on the homogeneity of the velocity fluctuations both 
for N = 0 and 1.33 rad/s at U = 12 cm/s and for x / M  = 4.71 and 47.1. The velocity 
fluctuation probe was placed directly downstream of ( i )  the intersection of two bars, 
(ii) the midpoint of one bar, and (iii) the centre of the mesh. Variations in the standard 
deviation of the velocity fluctuations was less than _+5% for any ( U / N M , x / M )  
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x / M  

FIGURE 5 .  Turbulence intensity decay behind the grid. The solid lines are equations (7).  (a )  Lateral 
v’/U: @,> 0, U = 12 cm/s, N = 0;  x, 12 cm/s, 1.33. (6) Vertical w’/U: 0, IT = 6 cm/s, N = 0; 
V, 0 , 1 2  cm/s, 0;  @,, 0 , 3 0  cm/s, 0; x, 12 cm/s, 1.33. The value of x /Mat  which N x / U  = Nt = 2 
is indicated by A . 

combination. Estimates of the jet velocities were made by timing dye traces and with 
the small propeller anemometer. The jet velocities were very small a t  x / M  = 4.71 for 
all U / M N  2 0 5 3 2 .  The ratios of the jet excess velocity AU to  the towing speed U 
increased with x / M  to a maximum and then decayed. That is the jets grew out of 
the ‘random ’ velocity field. This is possibly a result of the biased momentum tagging 
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FIGURE 6. Turbulence intensity at the source position as a function of UINM. x , v‘ /U;  0, w’/U. 

of particles as they pass through the grid and the subsequent reattainment (for some 
particles) of their original density level. The ratio of the maximum AU to the tow 
speed appeared to be systematically dependent upon U / N M .  This ratio was very 
small (< 0.03) a t  U / M N  = 2.65, approximately 0 1  a t  U / M N  = 1-06 and 0.15-0-2 
a t  U / M N  = 0.532. The parameter AUIMN was less sensitive to the Froude number 
and was approximately constant at 0.1. 

4. Discussion 
4.1. Decay of turbulence 

First let us consider the implications of our velocity measurements on the general 
problem of decaying turbulence in a stratified fluid. The results taken in the 
homogeneous fluid are of the same form as Batchelor & Townsend’s (1948) initial- 
period decay and agree approximately with other measurements (see Comte-Bellot 
& Corrsin 1966), thus promoting confidence in the measuring system. 

The (zero) mean velocity and the turbulence intensity were observed to be uniform 
across the flow when x / M  2 4 . 7  provided that the Froude number was large 
( U / N M  2 2.5). At intermediate values of the Froude number, 1 5 U / N M  5 2.5, the 
flow remained uniform over the limited range of downstream distances 
4 7  < x / N  ;5 20. On the other hand, for strongly stratified flows (UINM 5 1 )  
significant non-uniformities were observed at all distances downstream of the grid, 
and these data should be treated with caution. 

Our observation that the decay of the lateral velocity fluctuations are little 
influenced by density stratification, is consistent with the results of Frenzen (1963), 
Dickey & Mellor (1980) and Lin & Pa0 (1979). Frenzen’s results were obtained at far 
weaker stratifications with UINM 2 14 in a horizontal towing tank similar to but 
smaller than the one described in the present experiments. 
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However, these previous experiments show results which were variously different 
as to  the influence of density stratification on the vertical velocity fluctuations. 
Frenzen (1963) concluded that the vertical velocity fluctuations decayed in the 
density-stratified fluid in a form similar to that of the decay in the homogeneous fluid. 
The magnitude of the vertical velocity fluctuations was reduced slightly, less than in 
the present experiments at the smaller Froude number. 

Dickey & Mellor’s (1980) experimental results were similar in that the velocity 
fluctuations initially decayed a t  about the same rate in the stratified as in the neutral 
flow, for a certain time t after the grid passed, given by 80 5 U t / M  5 250. (In their 
experiment the grid stopped moving when Ut/M w 50.) I n  fact, the r.m.s. vertical 
velocity (i.e. the component parallel to  the grid motion) did not measurably decrease, 
while the transverse compbnents decreased by less than 5 yo. 

However, when U t / M  2 250, which was equivalent, a t  their weak stratification 
( U / N M  w 50), to Nt 2 5, the vertical velocity fluctuations ceased decaying and the 
horizontal components decayed a t  about 6 of the rate in neutral flows. This transition 
was ascribed by Dickey & Mellor to  the sudden appearance of internal waves. On the 
basis of our discussion in $1.2 we would have expected waves to appear when 
2nw’/MN - 1 .  I n  their experiments waves appeared when 2nw’lMN = 1.2 and then 
the velocity fluctuations decayed very slowly (a well-known feature of internal 
waves; see Pao 1971). In  addition to  random waves, there was a mean oscillatory 
motion produced by the grid’s motion. This could have been a small extra source of 
energy for the slowly decaying fluctuations, because, as the wave propagated through 
the disturbed density gradient, random velocity fluctuations would be generated 
which would persist as long as the turbulence-induced waves. 

By comparison, in our horizontally towed gradient experiment even though w f  was 
small enough for waves to appear (2nw‘lMN < 1.0) the r.m.s. velocity fluctuations 
decayed a t  a rate almost identical with that in unstratified turbulence. According 
to the arguments of $1.2,  no significant net transfer of wave energy along the tank 
should have been expected in our experiment, so our decay results can be regarded 
as local measurements. There was no evidence of any large-scale motions generated 
by our grid. Presumably internal waves generated a t  the grid could not propagate 
downstream because 2nUIMN > 1 .  I n  contrast with these results Lin & Pao (1979) 
using a grid of vertical bars towed horizontally, and hot-film anemometers to measure 
the turbulence, showed that w’ decayed more rapidly in stable stratification. 

We can conclude from our results and those of Frenzen and Dickey & Mellor that 
stable stratification does not significantly affect the decay of grid turbulence when 
w ’ / M N  > 0.1, Lin & Pao’s results are also consistent with this. More precisely, i t  does 
not change (to within the errors of this experiment) the ratio of kinetic energies a t  
two downstream planes x2,x3 (or a t  two times after the passage of the grid) i.e. 
q2(x2/M)/?(x , /M) .  However, there is a small reduction by about 16% in the 
dissipation rate normalized on the local velocity fluctuations and grid scale. This could 
be caused by about a 16 yo reduction in the integral scale. (It is interesting to recall 
Dougherty’s (1961) and Brost & Wyngaard’s (1978) suggestions that in atmospheric 
turbulence the scale of turbulence cannot be greater than about 2nw’/N in stable 
conditions. This is probably correct; however, this scale does not appear to be a 
generally applicable integral scale relevant for estimating dissipation. If i t  was, the 
dissipation rate in an experiment would have increased by about a factor of 3 in the 
strongest stratification.) 

When w ’ / M N  w 0.15 Dickey & Mellor observe internal waves and a reduced decay 
rate; we do not observe these even a t  w ’ / M N  x 0.03 while Lin & Pao indicate an 
increased decay rate for w ’ / M N  < 0-03. 

- 
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The cause of the different observations is still not clear, though the initial 
conditions are noted to be different for each experiment. 

4.2. Diffusion experiments 

A naive inspection of the measurements for the decay ofv’ and w’ with and without 
stable stratification might suggest that  and (T, should also be largely unaffected. 
However, the results show that, although this prediction is true for ( T ~  when 
1 5 U / M N  5 m, i t  is not true for any measurement of (T, over the observed range 
of UINM (< 8 2 ) .  

The reduction and levelling off of (T, with distance from the source as UINM 
decreases might a t  first be attributed to :  

(i) the velocity fluctuations w’ decaying more rapidly ; 
(ii) the velocity fluctuations consisting mainly of internal waves ; 
(iii) a selective damping of the largest spatial scales of turbulence. 

Our own data shows that the first of these is not true, while Frenzen’s and Dickey 
& Mellor’s measurements of correlation functions show that the latter two points are 
not true either in weakly stratified grid turbulence. I n  our most strongly stratified 
cases internal waves and selective damping of scales probably occurs, but the flow 
is still turbulent and decaying a t  the same rate as in neutral flow. 

As we have described briefly in 9 1.2, Csanady (1964) and Pearson et al. (1983) have 
put forward a theoretical model for particle motions. They show that particles do 
not have sufficient kinetic energy to move vertically more than a distance of O(w’ /N) ,  
provided that the timescale kbl for particles to change their density is long compared 
with N .  (The spatial scales over which velocities are correlated may be significantly 
greater than O(w’ /N) . )  

To compare the predictions of Pearson et al. (1982), the results should ideally be 
plotted in terms of the asymptotic growth of the plume gzm N / w i  = f(TLN), where 
TL is a Lagrangian timescale of the turbulence. 

However, to compare the present experimental results with the analysis above we 
form the dependent variable uzm Nlw; ,  where wi is the standard deviation of the 
vertical velocity fluctuations a t  the source, and plot i t  against the independent 
variable UINM. The ratio M / U  has roughly the same magnitude as the time 
constant TL (Snyder & Lumley 1971). A plot of vzm N/wL against the Froude number 
U / N M  (figure 7)  does show the anticipated decrease with UINM,  and also indicates 
that  uZm N/wL varies in the range 0.5-2-0, quite close to the estimates given by both 
Csanady (1964) and by Pearson et al. (1982). Pearson et al. (1982) also predict that  
the plume reaches about 75 yo of the final vertical width gZm when 1 < Nt < 2 ,  where 
t = x,/U. Our results show that, within the range of parameters considered, the 
influence of stratification is felt when Nt - 1 ,  and the plume reaches its maximum 
width when Nt N 2 ,  as may be seen in figure 3 ( b ) ,  where we indicate the value of x l / M  
a t  which Nt = 2. 

To emphasize the key point again, these experiments show that for the turbulent 
diffusion of dye (in a salt-water solution) in stably stratified homogeneous grid 
turbulence da:/dt is zero (to within experimental error) when Nt 2 3. This is 
inconsistent with a finite value of K ,  when the plume has levelled out. There are still 
velocity fluctuations a t  this stage and they are decaying a t  about the same rate as 
neutral turbulence. There is no evidence that these fluctuations are simply internal 
waves. 



Effects of stable strati$cation on turbulence 43 

UIMN 

‘ . O ~  

0 

O _ _ i  

0 ’ 4 ~  0.2 0.0 1 0.10 1 .oo 

wl/MN 

FIGURE 7. The variation of uzw N/uiL with U I N M .  The solid symbols are 
based on an interpolation from figure 6. 

4.3.  Application to other jluids and j l ou~s  

These diffusion results are not directly comparable with diffusion measurements from 
point sources in the stable atmospheric boundary layer, where variations of the mean 
velocity and turbulence scale may be significant over the plume depth. However, it 
is worth noting that the form of lateral horizontal diffusion from point sources is very 
similar in stable and in neutral conditions. Secondly, limited vertical diffusion from 
elevated sources is quite often observed ; a few cases are discussed in detail by Pearson 
et al. (1983), and the differences between diffusion from ground level and elevated 
sources is discussed by Hunt (1982). 

Finally, a cautionary point needs to be made about the general application of these 
results to other stratified turbulent flows. We have discussed in 8 1.2 how the energy 
production and dissipation in such flows may be more or less local in its origin 
depending on orientation of the flow and the geometry of bounding surfaces. More 
research on this question is clearly necessary. 

It is also important to realize that the role of the molecular diffusion of matter is 
more important in very stable conditions when the vertical motion of fluid elements 
is constrained. For reasons given by Pearson et al. (1983), significantly different 
results may be expected if the diffusivity uc of the contaminant (dye in this case) 
is markedly different to the diffusivity U~ of the density of fluid elements (salt in this 
case). I n  this case (dye and salt) uc - u D ;  but in the case of smoke particles in the 
atmosphere vc + vD. 
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